Recently Merlin and co-workers showed, both theoretically and in the microwave range experimentally, that patterned (grating-like) plates produce subwavelength focusing of evanescent waves if the grating pattern contains significantly different spatial scales of variation. The present paper extends these ideas and the design procedure to scatterers of arbitrary shapes and to the optical range of wavelengths. The analytical study is supported by numerical results. The most intriguing feature of the proposed design is that, in the framework of classical electrodynamics of continuous media, focusing can in principle be arbitrarily sharp, subject to the constraints of fabrication. 
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Subwavelength focusing that circumvents the usual diffraction limit in optics has been a very active area of research, with a multitude of approaches explored in the literature: negative-index lenses and guides, plasmonic particles and cascades, superoscillations, time-reversal techniques and others ([1]- [6] and references therein). Recently the Merlin and Grbic groups [7, 8] (see also [4] ) showed, both theoretically and in the microwave range experimentally, that patterned (grating-like) plates produce subwavelength focusing of evanescent waves if the grating pattern contains significantly different spatial scales of variation. The present paper extends these ideas and the design procedure to scatterers of arbitrary shapes and to the optical range of wavelengths.
The most intriguing feature of the new design is that in principle focusing can be arbitrarily sharp and strong, subject to the constraints of fabrication and availability of materials with desired values of the dielectric permittivity ǫ. (It is also tacitly assumed that the size of the system is sufficiently large for electrodynamics of continuous media to be applicable; see e.g. [6] and references therein.)
Let us suppose that an incident plane wave with a frequency ω impinges on a scatterer coated with a plasmonic and/or dielectric layer. In general, the shape of the scatterer may vary; more importantly, the thickness and dielectric permittivity of the coating may be chosen judiciously, with the ultimate goal of nano-focusing the wave at a given spot. In practical applications, the role of the scatterer can be played e.g. by the apex of an optical tip, the active part of an optical sensor or by a nano-antenna.
Even though the ideas are general and could be applied in 3D electrodynamic analysis and design, let us consider for maximum simplicity the 2D case of a cylindrical scat- * Corresponding author: igor@uakron.edu terer (particle) of radius r cyl (Fig. 1 ). Let the wave be p-polarized, with the two-component electric field in the cross-sectional plane and the one-component magnetic field H directed along the axis of the particle. The usual complex phasor convention with the exp(−iωt) factor is adopted.
Let us endeavor to achieve sharp focusing with respect to the polar angle φ at a certain radius r f > r cyl :
, where H f is some amplitude at the focus, φ 0 is a given angle and g is a function with a sharp peak (e.g. a sharp Gaussian).
1 This local behavior of the field can be extended, by analytical continuation, to the whole region outside the particle. One way to do so is by expanding the field into cylindrical harmonics whose coefficients are found from the Fourier transform of g.
This analytical continuation will then determine the field distribution on the surface of the particle, and one needs to find the parameters of the coating that would produce such a surface distribution.
General analytical and numerical procedures for that will be described elsewhere. This article for simplicity adopts the quasi-static approximation valid for dimensions much smaller than the wavelength. Full wave analysis is analogous but involves Bessel/Hankel functions and their derivatives instead of polynomials in r.
More specifically, the quasi-static field inside the cylinder can be expanded into cylindrical harmonics:
where a n are some coefficients.
Outside of the cylinder (r > r cyl ) the magnetic field can be represented as the sum of the incident field and 
The incident field under the quasi-static approximation is linear with respect to r:
(This field may also be viewed as a stream function for the electric field, dual to the standard electric scalar potential; see [9] for some interesting implications of that.) The scattered field is
where c n are coefficients to be determined. The boundary conditions across the coating are as follows. Since the coating is thin, the magnetic flux passing through it can be neglected and consequently the tangential component E φ of the electric field is assumed to be continuous across the coating.
Substituting
into (5), we have
which links the coefficients a n , c n as follows:
The jump of the magnetic field is not neglected:
With E φ defined by (6), equation (10) becomes
where the "in/out" subscript in the right hand side encompasses two equally valid expressions: one with ǫ in and H in and another one with ǫ out and H out . From superfocusing at a point to fields on the cylinder. Let the desirable field distribution around a certain focusing point r = r f > r cyl , φ = φ f be
where function g represents a sharp peak (e.g. a Gaussian) and H f is the magnitude of the field at the focus. This behavior of the field defines the expansion coefficients c n :
(13) whereg n = (2π) −1 2π 0 g(φ − φ 0 ) exp(inφ)dφ are the Fourier coefficients of the focusing peak g.
With the coefficients c n so defined, one can now evaluate a n from (8), (9) , then the jump of the magnetic field and consequently, from (11), the required parameters of the coating.
To summarize, the algorithm proceeds as follows:
1. Choose r cyl , r f and the maximum number n max of cylindrical harmonics.
2. Compute c n from (13), for |n| ≤ n max .
3. Find a n from (8), (9).
4. Compute H out (r cyl ), H in (r cyl ) and ∂H in (r cyl )/∂r using the cylindrical harmonic expansion with the coefficients a n , c n found previously.
5. Find ǫ shell ∆r from (14). Fig. 2 . ǫ shell ∆r/r cyl vs. angle for H f = 2, r f = 1.2r cyl and ∆φ = 2π/18, n max = 12 harmonics. Fig. 3 . Magnetic field vs. angle for H f = 2, r f = 1.2r cyl and ∆φ = 2π/18, n max = 12 harmonics. FD grid n r × n φ = 150 × 288. In the lossless case, the FD solution (squares) is very close to the analytical one (solid line). Although losses (ǫ ′′ shell = 0.1) smear the peak to some extent (triangles), the focusing effect persists.
In the illustrative numerical examples below, function g was chosen as a Gaussian peak g(φ) = exp(−φ 2 /∆φ 2 ), where parameter ∆φ controls the width of the peak. Fig. 2 and Fig. 3 show the angular dependence of ǫ shell ∆r/r cyl and the respective magnetic field for n max = 12 harmonics, with H f = 2, r f = 1.2r cyl and ∆φ = 2π/18. The field was computed quasi-analytically using (2)-(4) with n max harmonics, and also numerically using finite-difference (FD) analysis on regular polar grids. The quasi-analytical solution in its present form is valid only in the absence of losses (ǫ ′′ shell = 0) and, as Fig. 3 shows, is in that case very close to the numerical solution. As can be expected, losses reduce the amplitude of Fig. 4 . Magnetic field vs. angle for H f = 2, r f = 1.2r cyl and ∆φ = 2π/30, n max = 50 harmonics. FD grids: 75 × 1800 and 150 × 3600. the peak and smear its wings, but still the focusing effect persists (Fig. 3 , ǫ ′′ shell = 0). Similar results for n max = 50 harmonics and a sharper Gaussian peak (∆φ = 2π/30) are shown in Fig. 4 .
In summary, "superfocusing" of light by plasmonic/dielectric layers, with the sharpness of the focus in principle unlimited, has been demonstrated analytically and numerically. The layer is designed in two stages: (i) analytical continuation of the desired behavior of the field at the focus to the boundary of the plasmonic/dielectric scatterer; (ii) finding the distribution of the dielectric permittivity and thickness of the layer that would produce the required field on the surface.
Numerical examples of very sharp focusing have been presented. At the present time, these results should be viewed primarily as proof of concept; further improvement of the focusing effects should definitely be possible with sophisticated numerical optimization techniques (e.g. adaptive goal-oriented finite element analysis [10] ) that will treat not only the physical properties of the shell but also its geometric shape as adjustable parameters.
